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Let N be a product of distinct prime numbers and Z/(N) be
the integer residue ring modulo N . In this paper, a primitive
polynomial f (x) over Z/(N) such that f (x) divides xs − c for
some positive integer s and some primitive element c in Z/(N)
is called a typical primitive polynomial. Recently typical primitive
polynomials over Z/(N) were shown to be very useful, but
the existence of typical primitive polynomials has not been
fully studied. In this paper, for any integer m  1, a necessary
and suﬃcient condition for the existence of typical primitive
polynomials of degree m over Z/(N) is proved.
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
Let N be a positive integer which is a product of distinct prime numbers and Z/(N) be the inte-
ger residue ring modulo N . It is a natural generalization of the deﬁnition of primitive elements and
primitive polynomials over a ﬁnite ﬁeld that an element ξ in Z/(N) is called a primitive element if
ξ is a primitive root modulo p for every prime divisor p of N , and a polynomial f (x) over Z/(N)
is called a primitive polynomial if f (x) is monic and f (x) modulo p is a primitive polynomial over
the prime ﬁeld Z/(p) for every prime divisor p of N . Primitive elements and primitive polynomials
over Z/(N) are recently involved in [1] which studies the distinctness of maximal length sequences
over Z/(p1p2) modulo 2, where p1 and p2 are distinct odd prime numbers. We note that the proof
of distinctness in [1] relies on an important condition which states that there exists a positive inte-
ger s such that xs is congruent to some primitive element ξ in Z/(p1p2) modulo f (x) and p1p2. It
is easy to show that such integer s does not always exist. However, over a ﬁnite ﬁeld Fq , where q is
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there exists an integer s such that xs is congruent to some primitive element of Fq modulo f (x). In
this sense, among primitive polynomials over Z/(N), the behavior of polynomials f (x) over Z/(N) for
which f (x) divides xs − c for some positive integer s and some primitive element c in Z/(N) is much
closer to the behavior of primitive polynomials over ﬁnite ﬁelds. For convenience, such important
class of primitive polynomials over Z/(N) is called typical primitive polynomials over Z/(N).
We note that the existence of typical primitive polynomials has not been fully studied in [1]. In
this paper, we completely solve the existence of typical primitive polynomials over Z/(N) in theory,
and some necessary and suﬃcient conditions are presented, which facilitates the future applications
of typical primitive polynomials over Z/(N).
2. Preliminaries
The concept of subexponent over ﬁnite ﬁelds is proposed in [3] and [4] and mentioned by
[2, pp. 131–133].
Deﬁnition 1. Let q be a prime number power. If f (x) is a polynomial over Fq with f (0) = 0, then the
least positive integer e such that f (x) divides xe − c for some c ∈ Fq is called the subexponent of f (x).
The subexponent has the following simple property.
Lemma 2. Let q be a prime number power and f (x) be a polynomial over Fq with f (0) = 0. If f (x) divides
xe − a for some positive integer e and a ∈ Fq, then e is divisible by the subexponent of f (x).
Proof. Assume the subexponent of f (x) is s. Then by Deﬁnition 1, there exists an element c ∈ Fq such
that f (x) divides xs − c over Fq . Since f (x) also divides xe − a over Fq , we must have e  s. Thus we
can write e = u · s + v where u  0 and 0 v < s. Now
a ≡ xe ≡ xu·s+v ≡ cu · xv mod f (x)
holds over Fq , and so f (x) divides xv − a · c−u over Fq . Because of the deﬁnition of subexponent, this
is only possible if v = 0. This completes the proof. 
As for primitive polynomials over ﬁnite ﬁelds, their subexponents are given by Theorem 3.18 in [2].
Lemma 3. Let q be a prime number power. The monic polynomial f (x) ∈ Fq[x] of degree m 1 is a primitive
polynomial over Fq if and only if (−1)m f (0) is a primitive element of Fq and its subexponent is r = (qm − 1)/
(q − 1). Moreover, if f (x) is primitive over Fq, then xr ≡ (−1)m f (0) mod f (x).
Lemma 3 shows that for a primitive polynomial f (x) over a ﬁnite ﬁeld, there always exists an
integer s such that xs is congruent modulo f (x) to some primitive element of the ﬁnite ﬁeld and the
least such s is just the subexponent of f (x).
3. Main results
Let N be a ﬁxed positive integer with standard factorization N = ∏ki=1 pi , where k  1 and
p1, p2, . . . , pk are distinct prime numbers. The main topic of this section is the existence of typi-
cal primitive polynomials over Z/(N), and so it is necessary for us to make its deﬁnition explicit
here.
Deﬁnition 4. A polynomial f (x) over Z/(N) is called a typical primitive polynomial if f (x) is a prim-
itive polynomial and f (x) divides xs − c for some positive integer s and some primitive element c of
Z/(N).
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with the Chinese Remainder Theorem.
For every 1 i  k, it is clear that there exists a primitive root ξi modulo pi . Then by the Chinese
Remainder Theorem, there exists a unique element ξ in Z/(N) such that ξ ≡ ξi mod pi for 1 i  k.
Thus, ξ is a primitive element of Z/(N).
For any positive integer m, a primitive polynomial of degree m over Z/(N) can be constructed
analogously. For every 1  i  k, it is clear that there exists a primitive polynomial f i(x) = xm +∑m−1
j=0 ci, j x j over Z/(pi). Then by the Chinese Remainder Theorem, for 0  j m − 1, there exists a
unique element c j in Z/(N) such that
c j ≡ ci, j mod pi, 1 i  k.
Thus, f (x) = xm +∑m−1j=0 c jx j is a primitive polynomial over Z/(N).
Second, we begin to discuss the existence of typical primitive polynomials which is the main task
of this section.
If f (x) is a primitive polynomial over Z/(N) and there exists an integer s such that f (x) divides
xs − c for some element c ∈ Z/(N), i.e., xs ≡ c mod( f (x),N), then since f (x) modulo pi is a primitive
polynomial over Z/(pi) and xs ≡ c mod( f (x), pi) for 1 i  k, it follows from Lemmas 2 and 3 that s
is divisible by (pmi − 1)/(pi − 1) for 1 i  k. Thus, s must be divisible by
θN(m) = lcm
(
pm1 − 1
p1 − 1 ,
pm2 − 1
p2 − 1 , . . . ,
pmk − 1
pk − 1
)
.
On the other hand, since Lemma 3 implies that
x
pmi −1
pi−1 ≡ (−1)m · f (0) mod( f (x), pi),
for 1 i  k, we have
xθN (m) ≡ ((−1)m · f (0))di mod( f (x), pi), (1)
where
di = θN(m) · (pi − 1)
pmi − 1
.
By the Chinese Remainder Theorem, there exists a unique element β ∈ Z/(N) such that
β ≡ ((−1)m · f (0))di mod pi, 1 i  k.
Hence, it can be seen from (1) that
xθN (m) ≡ β mod( f (x),N). (2)
Note that we have shown that s is divisible by θN (m), and so, the congruence (2) yields
xs ≡ βs/θN (m) mod( f (x),N).
Obviously, if βs/θN (m) is a primitive element of Z/(N), then it is necessary that β has to be a primitive
element of Z/(N). That is to say if xs is congruent mod( f (x),N) to some primitive element of Z/(N),
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The following lemma is an immediate consequence of this observation.
Lemma 5. A primitive polynomial f (x) of degree m  1 is a typical primitive polynomial over Z/(N) if and
only if xθN (m) is congruent mod( f (x),N) to some primitive element of Z/(N).
Moreover, for a typical primitive polynomial f (x) of degree m  1 over Z/(N), θN (m) is also the
least positive integer r for which f (x) divides xr − c for some element c ∈ Z/(N). With all the above
arguments, it can be seen that the role that θN (m) plays in the ring Z/(N)[x] is much like the role that
the subexponent of primitive polynomials plays in the polynomial rings over ﬁnite ﬁelds introduced
in Section 2.
It is easy to show that a primitive polynomial is not always a typical primitive polynomial with
Lemma 5. Please see a simple example.
Example 6. It can be veriﬁed that f (x) = x2 + x+41 is a primitive polynomial over Z/(11×13). Since
xθ11×13(2) ≡ 90 mod( f (x),11× 13)
and 90 is not a primitive element of Z/(11 × 13), it follows from Lemma 5 that f (x) is not a typical
primitive polynomial over Z/(11× 13).
Furthermore, based on Lemma 5, we obtain the following useful criterion.
Lemma 7. A primitive polynomial f (x) of degree m  1 over Z/(N) is a typical primitive polynomial if and
only if
gcd
(
θN(m), p
m
i − 1
)= pmi − 1
pi − 1 (3)
for every 1 i  k.
Proof. If f (x) is a typical primitive polynomial over Z/(N), then Lemma 5 implies that there exists a
primitive element ξ in Z/(N) such that
xθN (m) ≡ ξ mod( f (x),N). (4)
Assume p is a prime divisor of N . It immediately follows from (4) that
xθN (m) ≡ ξ mod( f (x), p). (5)
Since θN (m) is divisible by (pm − 1)/(p − 1), we can write
gcd
(
θN(m), p
m − 1)= d · (pm − 1)
p − 1
where d is a positive divisor of p − 1. If d > 1, then we deduce from (5) that
1 ≡ xθN (m)·(p−1)/d ≡ (ξ)(p−1)/d mod( f (x), p),
a contradiction to the fact that ξ is a primitive root modulo p. Thus, d = 1 and (3) holds for p.
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over Z/(pi) for 1 i  k, it follows from Lemma 3 that
x(p
m
i −1)/(pi−1) ≡ ξi mod
(
f (x), pi
)
for some primitive root ξi modulo p, and so
xθN (m) ≡ (ξi)ti mod
(
f (x), pi
)
(6)
where
ti = θN(m) · (pi − 1)
pmi − 1
.
Since (3) implies that
gcd(ti, pi − 1) = 1, 1 i  k,
it can be seen that (ξi)ti is also a primitive root modulo pi . By the Chinese Remainder Theorem, there
exists a unique element ξ in Z/(N) such that
ξ ≡ (ξi)ti mod pi, 1 i  k.
Then it follows from (6) that
xθN (m) ≡ ξ mod( f (x),N). (7)
Note that ξ is a primitive element of Z/(N), and so (7) implies that f (x) is a typical primitive poly-
nomial over Z/(N). 
It can be seen from Lemma 7 that given a positive integer m, the existence of a typical primitive
polynomial of degree m over Z/(N) is completely determined by N and m. Hence, either all primi-
tive polynomials of degree m over Z/(N) are typical primitive polynomials or none of the primitive
polynomial of degree m over Z/(N) is typical primitive polynomial.
Lemma 8. Let f (x) be amonic polynomial of degreem 1 over Z/(N). If k 2, then f (x) is a typical primitive
polynomial over Z/(N) if and only if f (x) modulo pq is a typical primitive polynomial over Z/(pq) for any pair
of distinct prime divisors p and q of N.
Proof. First of all, by the deﬁnition of primitive polynomial over Z/(N), it is clear that f (x) is a
primitive polynomial over Z/(N) if and only if f (x) modulo pq is a primitive polynomial over Z/(pq)
for any pair of distinct prime divisors p and q of N . Thus, it suﬃces to consider primitive polynomials
over Z/(N).
Assume f (x) is a primitive polynomial over Z/(N). By Lemma 7, f (x) is a typical primitive poly-
nomial over Z/(N) if and only if
gcd
(
θN(m), p
m
i − 1
)= pmi − 1 (8)
pi − 1
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θN(m) = lcm
(
pm1 − 1
p1 − 1 ,
pm2 − 1
p2 − 1 , . . . ,
pmk − 1
pk − 1
)
,
and so (8) holds for pi if and only if
gcd
(
lcm
(
pmi − 1
pi − 1 ,
pmj − 1
p j − 1
)
, pmi − 1
)
= p
m
i − 1
pi − 1 (9)
for any j = i. This together with Lemma 7 means that f (x) is a typical primitive polynomial over
Z/(N) if and only if f (x) modulo pi p j is a typical primitive polynomial over Z/(pi p j) for any 1 i =
j  k. Thus, the lemma is proved. 
Lemma 8 implies that to investigate the existence of typical primitive polynomials over Z/(N) with
k  2, it suﬃces to discuss the case k = 2. Therefore, in the following, we focus on the existence of
typical primitive polynomials over Z/(pq), where p and q are two distinct prime numbers.
Before we start with such discussions, we establish some preparatory results concerning cyclotomic
numbers. For a positive integer a and a prime number p, if a is divisible by p, then the greatest
integer r such that pr divides a is denoted by vp(a). If a is not divisible by p, then deﬁne vp(a) = 0.
Lemma 9. Let p be a prime number and u be a positive integer coprime with p. Suppose a = pe · u + 1 where
e  1. Then for any integer t  0,
v p
(
ap
t − 1)= vp(a − 1) + t
if either (p, e) = (2,1) or t = 0, and
vp
(
ap
t − 1)= vp(u + 1) + t + 1
if (p, e) = (2,1) and t > 0.
Proof. If t = 0, then the result is trivial. Therefore, in the following we assume that t  1.
Note that
ap
t = (pe · u + 1)pt = 1+ pt+e · u +
pt∑
i=2
(
pt
i
)
· (pe · u)i . (10)
On one hand, for i  2, it can be deduced from
(
pt
i
)
= p
t
i
· p
t − 1
1
· p
t − 2
2
· · · p
t − i + 1
i − 1
that
vp
((
pt
i
))
= t − vp(i). (11)
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e + t < e · i + t − vp(i), for i  2, (12)
and so (10), (11) and (12) imply that
vp
(
ap
t − 1)= e + t = vp(a − 1) + t.
If (p, e) = (2,1), then since
a2
t − 1 = (2 · u + 1)2t − 1 = 2 · u · (2 · u + 2) ·
t−1∏
i=1
(
(2 · u + 1)2i + 1),
it follows that
v2
(
a2
t − 1)= v2(u + 1) + t + 1.
This completes the proof. 
Lemma 10. Let p be a prime number and u be a positive integer coprime with p. Suppose a = pe ·u+1where
e  1. For any positive integer n 1,
v p
(
an − 1)= vp(a − 1) + vp(n)
if either (p, e) = (2,1) or vp(n) = 0, and
vp
(
an − 1)= vp(u + 1) + 1+ vp(n)
if (p, e) = (2,1) and vp(n) > 0.
Proof. Assume n = pl · n′ where gcd(p,n′) = 1 and l 0. It is clear that vp(n) = l. Since a ≡ 1 mod p,
we have
ap
l(n′−1) + apl(n′−2) + · · · + apl + 1 ≡ n′ ≡ 0 mod p.
Hence, it follows from the factorization
an − 1 = (apl − 1) · (apl(n′−1) + apl(n′−2) + · · · + apl + 1)
and Lemma 9 that
vp
(
an − 1)= vp(apl − 1)= vp(a − 1) + l = vp(a − 1) + vp(n)
if either (p, e) = (2,1) or vp(n) = 0, and
vp
(
an − 1)= vp(apl − 1)= vp(u + 1) + l + 1 = vp(u + 1) + 1+ vp(n)
if (p, e) = (2,1) and vp(n) > 0. This completes the proof. 
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positive integer n, v p((bn − 1)/(b − 1)) vp(n) if and only if bn − 1 is not divisible by p.
Proof. If bn − 1 is not divisible by p, then it is obvious that vp((bn − 1)/(b − 1)) = 0, which is not
greater than vp(n).
Conversely, if vp((bn − 1)/(b − 1))  vp(n) and bn − 1 is divisible by p, then since b − 1 is not
divisible by p, we have
vp
(
bn − 1
b − 1
)
= vp
(
bn − 1).
It is clear that b is coprime with p, for otherwise, bn − 1 is coprime with p. Let ordp(b) be the
multiplicative order of b modulo p. Since bn ≡ 1 mod p, it follows that n is divisible by ordp(b). By
taking a = pordp(b) in Lemma 10 we obtain
vp
(
bn − 1)= vp
(
n
ordp(b)
)
+ vp
(
bordp(b) − 1).
Note that ordp(b) is a factor of p − 1 which is coprime with p, and so
vp
(
bn − 1
b − 1
)
= vp(n) + vp
(
bordp(b) − 1) vp(n) + 1
a contradiction to the assumption vp((bn − 1)/(b − 1))  vp(n). Therefore, if vp((bn − 1)/(b − 1)) 
vp(n) then bn − 1 is not divisible by p. 
Now we continue our discussion on the existence of typical primitive polynomials over Z/(pq)
where p and q are two distinct prime numbers. In the following two theorems, necessary and suﬃ-
cient conditions are proved for pq ≡ 1 mod 2 and pq ≡ 0 mod 2, respectively.
Theorem 12. Let p1 and p2 be two distinct odd prime numbers and m be a positive integer. For i = 1,2,
suppose
di =
∏
r
rvr(pi−1),
where in the product r runs through all the prime divisors of gcd(p1 −1, p2 −1). Then a primitive polynomial
f (x) over Z/(p1p2) of degree m is a typical primitive polynomial if and only if
gcd
(
p1 − 1
d1
, pm2 − 1
)
= gcd
(
p2 − 1
d2
, pm1 − 1
)
= 1,
and v2(p1 + 1) = v2(p2 + 1) if m is even.
Proof. By Lemma 7, f (x) is a typical primitive polynomial over Z/(p1p2) if and only if
gcd
(
θp1p2(m), p
m
i − 1
)= pmi − 1 , i = 1,2. (13)
pi − 1
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θp1p2(m) = lcm
(
pm1 − 1
p1 − 1 ,
pm2 − 1
p2 − 1
)
=
pm1 −1
p1−1 ·
pm2 −1
p2−1
gcd(
pm1 −1
p1−1 ,
pm2 −1
p2−1 )
,
which is divisible by (pmi − 1)/(pi − 1) for i = 1,2, and so (13) holds if and only if
gcd
( pm(i+1mod2)−1
p(i+1mod2)−1
gcd(
pm1 −1
p1−1 ,
pm2 −1
p2−1 )
, pi − 1
)
= 1, i = 1,2,
that is,
gcd
( pm(i+1mod2)−1
p(i+1mod2)−1
gcd(
pm1 −1
p1−1 ,
pm2 −1
p2−1 )
, r
)
= 1
or equivalently
vr
( pm
(i+1mod2) − 1
p(i+1mod2) − 1
)
 vr
(
pmi − 1
pi − 1
)
(14)
for i ∈ {1,2} and every prime divisor r of pi − 1.
If r is a prime divisor of (p1 −1) but not gcd(p1 −1, p2 −1), then it is clear that r is coprime with
p2 − 1. Note that gcd(p1 − 1, p2 − 1) is divisible by 2, and so r > 2. It follows from Lemma 10 that
vr
(
pm1 − 1
p1 − 1
)
= vr
(
pm1 − 1
)− vr(p1 − 1) = vr(m).
Then by Lemma 11, we obtain that
vr
(
pm2 − 1
p2 − 1
)
 vr(m) (15)
if and only if pm2 − 1 is not divisible by r.
Symmetrically, if r is a prime divisor of (p2 − 1) but not gcd(p1 − 1, p2 − 1), then
vr
(
pm1 − 1
p1 − 1
)
 vr
(
pm2 − 1
p2 − 1
)
if and only if pm1 − 1 is not divisible by r.
If r = 2 is a prime divisor of gcd(p1 − 1, p2 − 1), then it follows from Lemma 10 that
vr
(
pmi − 1
pi − 1
)
= vr
(
pmi − 1
)− vr(pi − 1) = vr(m)
for i = 1,2. This shows that (14) holds for prime number r.
Finally, it remains to discuss the prime number 2, a prime divisor of gcd(p1 − 1, p2 − 1). Write
p1 = 2e1 · u1 + 1 and p2 = 2e2 · u2 + 1 where u1 and u2 are odd numbers and e1  1 and e2  1.
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v2
(
pmi − 1
pi − 1
)
= v2
(
pmi − 1
)− v2(pi − 1) = v2(m)
for i = 1,2, and so (14) holds for prime number 2.
If m is even and at least one of e1 and e2 is equal to 1, then according to the different values of
e1 and e2, we have the following three cases.
Case 1. If e1 > 1 and e2 = 1, then it follows from Lemma 10 that
v2
(
pm1 − 1
p1 − 1
)
= v2
(
pm1 − 1
)− v2(p1 − 1) = v2(m)
and
v2
(
pm2 − 1
p2 − 1
)
= v2
(
pm2 − 1
)− v2(p2 − 1) = v2(m) + v2(u2 + 1) > v2(m).
Hence, (14) does not hold for r = 2, and in this case we have
gcd
( pm2 −1
p2−1
gcd(
pm1 −1
p1−1 ,
pm2 −1
p2−1 )
,2
)
= 2 > 1.
Case 2. If e1 = 1 and e2 > 1, then similar to Case 1, (14) does not hold for r = 2, and we have
gcd
( pm1 −1
p1−1
gcd(
pm1 −1
p1−1 ,
pm2 −1
p2−1 )
,2
)
= 2 > 1.
Case 3. If e1 = e2 = 1, then it follows from Lemma 10 that
v2
(
pmi − 1
pi − 1
)
= v2
(
pmi − 1
)− v2(pi − 1) = v2(m) + v2(ui + 1)
for i = 1,2. This implies that
gcd
( pm2 −1
p2−1
gcd(
pm1 −1
p1−1 ,
pm2 −1
p2−1 )
,2
)
= gcd
( pm1 −1
p1−1
gcd(
pm1 −1
p1−1 ,
pm2 −1
p2−1 )
,2
)
= 1
if and only if
v2
(
p1 + 1
2
)
= v2(u1 + 1) = v2(u2 + 1) = v2
(
p2 + 1
2
)
.
We note that if e1 = 1 and e2 > 1 or e1 > 1 and e2 = 1, then
v2(p1 + 1) = v2(p2 + 1),
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v2(p1 + 1) = v2(p2 + 1) = 1.
Therefore, if m is even, we arrive at the ﬁnal conclusion that
gcd
( pm2 −1
p2−1
gcd(
pm1 −1
p1−1 ,
pm2 −1
p2−1 )
,2
)
= gcd
( pm1 −1
p1−1
gcd(
pm1 −1
p1−1 ,
pm2 −1
p2−1 )
,2
)
= 1
if and only if v2(p1 + 1) = v2(p2 + 1).
Combining all the above analysis shows that the theorem holds. 
Remark 13. It can be seen that Theorem 12 is a completion of the discussion about the existence
of integer S made by [1, Section 3.2]. Thus, actually the authors of [1] proved the distinctness of
maximal length sequences generated by typical primitive polynomials over Z/(pq) modulo 2 which
might be thought as the true primitive polynomials over Z/(pq), referring to the behavior of primitive
polynomials over ﬁnite ﬁelds.
Theorem 14. Let p be an odd prime number. Then a primitive polynomial f (x) over Z/(2p) of degree m 1
is a typical primitive polynomial if and only if 2m − 1 is coprime with p − 1.
Proof. Note that
θ2p(m) = lcm
(
2m − 1, p
m − 1
p − 1
)
.
By Lemma 7, f (x) is a typical primitive polynomial over Z/(2p) if and only if
gcd
(
θ2p(m), p
m − 1)= pm − 1
p − 1 ,
that is,
gcd
(
2m − 1
gcd(2m − 1, pm−1p−1 )
, p − 1
)
= 1. (16)
Furthermore, it can be seen that (16) holds if and only if
vr
(
2m − 1) vr
(
pm − 1
p − 1
)
(17)
for every prime divisor of r of p − 1.
Since 2m − 1 is coprime with 2, we only need to consider odd prime divisors of p − 1. Assume r
is an odd prime divisor of p − 1. By Lemma 10 we get
vr
(
pm − 1
p − 1
)
= vr
(
pm − 1)− vr(p − 1) = vr(m),
and so it follows from Lemma 11 that (17) holds for r if and only if 2m − 1 is not divisible by r. 
T. Tian, W.-F. Qi / Finite Fields and Their Applications 15 (2009) 796–807 8074. Conclusions
Let N be a positive integer which is a product of distinct prime numbers and Z/(N) be the integer
residue ring modulo N . This paper completely solves the existence of typical primitive polynomials
over Z/(N). The result and the method can be generalized to general integer residue rings, but it
should be noted that for a prime number p and an integer e  2, the subexponents of primitive
polynomials over Z/(pe) of degree m 1 have many possible values, say pi · (pm −1)/(p−1), 1 i 
e − 1. Thus, unlike the case of Z/(N), the existence of typical primitive polynomials of degree m over
Z/(peM) depends on individual primitive polynomials besides m and peM , where M is an arbitrary
positive integer.
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